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SUBSPACES OF Lp, p > 2, WITH UNCONDITIONAL BASES HAVE
EQUIVALENT PARTITION AND WEIGHT NORMS
DALE E. ALSPACH AND SIMEI TONG
Abstract. In this note we give a simple proof that every subspace of Lp, 2 < p < ∞,
with an unconditional basis has an equivalent norm determined by partitions and weights.
Consequently Lp has a norm determined by partitions and weights.
1. Introduction
It is a well known consequence of Khintchine’s inequality that if (xn) is an unconditional
basic sequence in Lp = Lp[0, 1] with sign unconditional constant K, then
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where Ap and Bp are the Khintchine constants, [1, Inequality 1.7]. In this note we show that
this inequality easily implies the following.
Theorem 1.1. Suppose that X is a subspace of Lp, 2 < p < ∞, with an unconditional
basis. Then there is an equivalent norm on X given by partitions and weights.
and
Corollary 1.2. Lp[0, 1], 2 < p <∞, has an equivalent norm given by partitions and weights.
These results answer some questions raised by the authors, [2]. In that paper and the
second author’s dissertation, [4], the notion of norm given by partition and weights was
introduced and some development of the concept was made.
Define for any partition P = {Ni} of N and weight function W : N→ (0, 1]
‖(ai)‖P,W =
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2w2j
) p
2


1
p
Now suppose that P = (Pk,Wk)k∈K is a family of pairs of partitions and functions as above.
Define
‖(ai)‖P = sup
k∈K
‖(ai)‖(Pk,Wk).
We say that ‖(ai)‖P is a norm determined by partitions and weights.
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2. Proof of the Theorem
Proof. Let X be a subspace of Lp with normalized unconditional basis (xn). Let G be the set
of all g ∈ Lp/(p−2), g non-negative, and ‖g‖p/(p−2) = 1. For each g ∈ G let wg,n = (
∫
gx2n)
1/2
for n = 1, 2, . . . . Now suppose that (an) is a sequence of real numbers with only finitely many
non-zero. Then
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It follows immediately that if P = {(PI , (wg,n)) : g ∈ G}, where PI denotes the trivial
partition, then
‖|
∑
anxn‖| = ‖(an)‖P
is an equivalent norm on X . 
Note that in the proof we really have a correspondence between norm one positive opera-
tors from Lp/(p−2) into ℓ∞ and unconditional basic sequences in Lp. Indeed, if T is such an
operator, then for each g ∈ Lp/(p−2), 0 < ‖g‖ ≤ 1, and g ≥ 0 let (wg,n)
∞
n=1 = (Tg(n)
1/2). Let
(en) be the coordinate functionals on ℓ∞ and xn = T
∗(en)
1/2 for all n. (We assume xn 6= 0.)
Then (xn ⊗ rn), where (rn) is the sequence of Rademacher functions, is an unconditional
basic sequence (not necessarily normalized) in Lp([0, 1]
2) with equivalent norm given by the
family of partitions and weights (PI , (wg,n))g∈G.
In the proof we used the entire set G, but it easy to see that it would be sufficient to use
a norm dense subset of G. Also the proof yields only the indiscrete partition. In some of the
examples below we show how other partitions arise naturally.
Now we consider some examples.
Example 2.1. Suppose xn = λ(An)
−1/p1An for all n ∈ N and Am ∩ An = ∅ if n 6= m.
If g ∈ Lp/(p−2), then
∫
gx2n =
∫
E(g|F)x2n where E(g|F) is the conditional expectation
with respect to the σ-algebra F generated by the sets (An). Thus we may assume g =∑
bkλ(Ak)
−(p−2)/p1Ak for some scalars (bk). Then∫
gx2n = bnλ(An)
−2/p−(p−2)/p+1 = bn.
Therefore wg,n = b
1/2
n for all n and
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Thus we get ℓp isometrically.
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The previous example easily generalizes to any sequence of disjointly supported functions.
Example 2.2. Let (An) be a sequence of disjoint sets of positive measure and for each n let
xn be a norm one element suported in An. Arguing similarly to the previous example (or
by change of measure) we may assume that g =
∑
n bkyk where for each k, yk is the unique
norm one function in Lp/(p−2) which is norming for x
2
k. Then
∫
gx2n = bn and we conclude as
before that we have an isometric copy of ℓp.
Example 2.3. Suppose xn,j = λ(An)
−1/p1Anrj for any n ∈ N, j ∈ N, (rj) is the sequence of
Rademacher functions and Am ∩ An = ∅ if n 6= m. Because x
2
n,j = x
2
n in the first example,
it follows that
‖|
∑
n
∑
j
an,jxn,j‖|
2 = sup{
∑
n
∑
j
a2n,jw
2
g,n,j : g ∈ G} = sup{
∑
n
∑
j
a2n,jbn : g ∈ G}
= sup{
∑
n
∑
j
a2n,jbn :
∑
b
p/(p−2)
k = 1, bk ≥ 0} = (
∑
n
(
∑
j
a2n,j)
p/2)2/p.
Thus we get (
∑
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By arguing as in the second example it follows that for an unconditional basic sequence
which breaks into a sequence of disjointly supported (on [0, 1]) unconditional basic subse-
quences the norm ‖| · ‖| will be an isometric ℓp sum of the norms for the subsequences.
Example 2.4. Let (xn) be a sequence of stochastically independent normalized functions in
Lp. Now suppose that g ∈ G and (an) is a sequence of real numbers with only finitely many
non-zero. Then by an inequality of Rosenthal [3, Lemma 1]
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Hence ‖|
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Suppose (cn) ∈ ℓp/(p−2) with ‖(cn)‖ = 1, cn ≥ 0 for all n, cn non-zero for only finitely many
n. Let g = max cn|xn|
p−2. Because g =
∑
xn|{τ=n}, where τ(t) = min{k : ck|xk|
p−2(t) =
g(t)}, ‖g‖p/(p−2) ≤ (
∑
c
p/(p−2)
n ‖xn‖
p
p)
(p−2)/p = 1. Then
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∫
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p
n = cn. Therefore
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p)1/p. If g = 1, then w2g,n =
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2. Thus
‖|
∑
anxn‖| ≥ max{(
∑
a2n‖xn‖
2
2)
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The estimate using g = max cn|xn|
p−2 above actually gives us some information about any
normalized unconditional basis (xn) in Lp,
sup{(
∑
a2nw
2
g,n)
1/2 : g = max cn|xn|
p−2, ‖(cn)‖p/(p−2) = 1, (cn) ≥ 0} ≥ (
∑
|an|
p)1/p.
Thus we can always include the discrete partition PD = {{n} : n ∈ N} with constant weight
one in the family of partitions and weights P.
Finally we consider the Haar system.
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Example 2.5. Let hn,k = 2
(n−1)/p1[2−n2k,2−n(2k+1)) − 2
(n−1)/p1[2−n(2k+1),2−n(2k+2)) for n =
1, 2, . . . , k = 0, 1, . . . 2n−1 − 1. Let h0,0 = 1[0,1).
Suppose g ∈ G, n ∈ N, and g =
∑2n−1−1
k=0 bn,k2
(n−1)((p−2)/p)1[21−nk,21−n(k+1)). Then for 0 <
m ≤ n,∫
gh2m,ℓ =
(ℓ+1)2n−m−1∑
k=ℓ2n−m
∫
bn,k2
(n−1)(p−2)/p+2(m−1)/p1[21−nk,21−n(k+1)) =
(ℓ+1)2n−m−1∑
k=ℓ2n−m
bn,k2
2(m−n)/p.
For m = 0,
∫
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∫
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∑2n−1−1
k=0 bn,k2
2(1−n)/p. For m > n and
k2m−n ≤ ℓ < (k + 1)2m−n,∫
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∫
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(n−1)(p−2)/p+2(m−1)/p1[21−mk,21−m(k+1)) = bn,k2
(n−m)(p−2)/p.
Thus
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

1/2
where the supremum is over all n and all non-negative sequences (bn,k)
2n−1−1
k=0
with ‖(bn,k)‖(p−2)/p = 1.
The contribution from the terms m > n can be neglected, so an equivalent norm on Lp is
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
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bn,k


1/2
where the supremum is over the same sequences as above.
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